SINGULAR SETS AND PARAMETERS OF GENERALIZED 

TRIANGLE ORBIFOLDS 

O 

^ ; MICHAEL BELOLIPETSKY 

■ Abstract. We study groups generated by three half-turns in Lobachevsky space 

and their factor-orbifolds. This generalized triangle groups are directly connected 
with the arbitrary 2-generator Kleinian groups. Our main result is a complete 
description of the singular sets of the generalized triangle orbifolds. We also give 
a method to obtain the parameters defining a generalized triangle group from the 
, structure of the singular set of its factor-orbifold and illustrate it by examples. 
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1. Introduction 



After the famous lectures of W. Thurston |28| the study of 3- dimensional manifolds 



the 3-orbifolds corresponding to the 2-generator Kleinian groups may have a very 
complicated structure. In a special case of the groups with real parameters the 



£D ■ was focused on geometric and especially on hyperbolic manifolds and orbifolds. An 

orientable hyperbolic 3-orbifold can be obtained as a factor-space of the Lobachevsky 
space TC 3 by the action of a discrete subgroup of the group of isometries Isom + TL 3 = 
O ' PSL(2,C). So the hyperbolic 3-orbifolds are connected with the discrete subgroups 

of PSL(2, C) known also as Kleinian groups. Since a general subgroup of PSL(2, C) 
is discrete if and only if each of its 2-generator subgroups is discrete (see e.g. ||), 
the class of the 2-generator Kleinian groups takes on special significance. This 
^ ■ groups and in particular arithmetic 2-generator Kleinian groups were studied by 

F. Gehring, C. Maclachlan, G. Martin, J. Montesinos, A. Reid and others (see |J, 
[|T^], (nj, [JTJJ, |2"I| , P5| and the references therein). It appears, that 

> 

X 

H 



orbifolds were studied by J. Gilman [y|, E. Klimenko |p2|,||23[|; and have been 
recently completely classified by E. Klimenko and N. Kopteva (see p"l )■ 

In this article we consider the groups of hyperbolic isometries generated by three 
half-turns in Ti, 3 . If the axes of the half-turns pairwise intersect then the group is 
isomorphic to a Fuchsian triangle group, so the groups generated by three half-turns 
can be considered as a generalization of the Fuchsian triangle groups. The general- 
ized triangle groups are directly connected with the arbitrary 2-generator Kleinian 
groups (see Section 5) but have much more trackable geometric structure. Thus, 
since all three generators of the groups have fixed points (axes) in 7i 3 , the fundamen- 
tal groups of underlying spaces of the corresponding 3-orbifolds are always trivial, 
so the underlying space of such an orbifold is a 3-sphere S 3 or a counterexample to 
the Poincare conjecture. 

l 
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Further we will always suppose that the underlying space is S 3 . In Section 2 
we describe singular structures of common generalized triangle orbifolds, which are 
naturally fall into eight types (Theorem 2.4). 

The set of the generalized triangle groups can be parameterized by three complex 
numbers that correspond to the complex distances || between the axes of the gen- 
erators. In Section 3 we use W. Fenchel's technics to study this parameterization 
and its connection with the matrix representation of the group in SL(2, C). Section 4 
shows how to find the parameters of the group for the eight types of singular struc- 
tures from Theorem 2.4. The connection between the generalized triangle groups 
and the 2-generator Kleinian groups and their usual parameterization is considered 
in Section 5. 

Section 6 presents examples of common generalized triangle orbifolds with differ- 
ent types of singularities and in Section 7 we consider an example for the exceptional 
case. 

Acknowledgement. I would like to thank Professor Alexander D. Mednykh for 
interesting me in this problem and numerous helpful discussions. 



2. Structure of the singular sets 

The underlying space of a generalized triangle group is 3-sphere, so the singular 
sets are knotted graphs in S 3 with the orbifolds fundamental groups generated by 
three involutions. While depicting the singular sets we follow a common notation 
writing indexes of singularity near corresponding components and omitting indexes 
2. We will use Wirtinger presentation of the fundamental group of a knotted graph 



10f adopted to the group of orbifold |16|], so the elementary arcs of the graph will 



correspond to the words in the group. 

Definition 2.1. Common generalized triangle group is a Kleinian group generated 
by three halftuns such that the fundamental group of the complement of its singular 
set in S 3 has also rank 3. 

This definition allows us in some cases to consider groups of the complements of 
the singular graphs instead of the orbifold groups. This saves from certain difficul- 
ties, which may arise because the considered groups have many involutions. 

Lemma 2.1. The class of the common generalized triangle groups is invariant un- 
der Reidemeister moves for graphs. 

Proof. This lemma is obvious because the Reidemeister moves do not change the 
fundamental group of the complement of the singular graph. □ 

Now suppose we have a knotted graph such that some three arcs of the graph cor- 
respond to the three elements generating the fundamental group of the complement 
of the graph in S 3 . Then corresponding three involutions generate our generalized 
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triangle group. The first thing we do is we draw a circle that contains a plane pro- 
jection of the singular graph and using the Reidemeister moves draw the generating 
arcs outside the circle: 



C 




Figure 1. The singular set (except the generating arcs) of general- 
ized triangle group < a, b, c > is in disc D. 

Here we have to note that Lemma 2.1 is not enough to carry on this procedure 
because it does not say anything about the generators of the group, and what we 
want is to obtain the group generated by the three elements that correspond to the 
selected singular arcs. However, it is a matter of a simple case-by-case verification 
to see that the generators can be "preserved" and we leave it as an exercise. 

Now let us see what singular structures are possible inside D. The only restrictions 
we have are that the group should be generated by a, b, c and that the corresponding 
factor-orbifold is hyperbolic. 

Lemma 2.2. Non trivial knots on singular arcs inside D are impossible. 




w 2 = w 2 (a,b,c) 



Figure 2. An illustration for the proof of Lemma 2.2. 

Proof. Suppose there is a non-trivial knot on a singular arc inside D. Let X be 
the complement to the singular set in S 3 . Consider decomposition X = X\ U X2 
such that X 2 contains the knot and dX 2 has precisely 2 punctures (see Figure 2). 
Here X 2 could be obtained from the tubular neighborhood of the singular set, so 
the decomposition is always possible. 

We now apply Van Kampen theorem to X = X% U X 2 . For P G X\ fl X 2 : 

7r 1 (X 1 , P) =< a, b, c I • • • >, 
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7Ti(X 2 ,P) =< w[,w' 2 ,X,- ■ ■ | • • • > 

and x can not be obtained as a word of w[, w 2 since the knot is non-trivial. 
By Van Kampen theorem 

7Ti(X, P) =< a, b, c, w[,w 2 , x, ■ ■ ■ | wiw' 1 ,W2w' 2 ■ ■ ■ >=< a, b, c, x, ■ ■ ■ \ ■ ■ ■ > . 

Here again x can not be obtained as a word of the other generators. This means that 
the rank of tci(X) is greater then 3, which contradicts the definition of the common 
generalized triangle group. □ 

Since arcs of the graph can not be knotted with themselves, the singular graph 
has a stratiform structure shown on Figure 3 with all the vertices inside D\ (we use 
the common notation for integer tangles with ij, rrii, rii G Z for % = 1, . . . , k). 




Lemma 2.3. The singular graph in Di has no cycles. 

Proof. Let X be the common generalized triangle orbifold, and X - the 3-manifold 
obtained as the complement to the singular set of X in S 3 . To prove the lemma it 
is sufficient to consider the first homology group Hi(X). The canonical projection 
p : 7fi(X) — > 7Ti(X) ab = Hi(X) maps non of the generators of vri(X) to the homology 
cycle that corresponds to the singular cycle in D\. Since Hi(X) = II with no any ele- 
ments of finite order, this immediately follows that rank(Hi(X)) > rank(p(ni(X))) , 
which is impossible. 
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Note, that this argument does not work for the orbifold fundamental and homol- 
ogy groups because the homology groups are generated by the elements of the finite 
order (See example in Section 7). □ 

Lemma 2.3 makes it possible to push all remaining tangles out of T)\ by drawing 
vertices through the tangles as it shown on Figure 4. 




Figure 4. Drawing a vertex through a tangle. 



So for the graph in D\ we have: 

- it has no cycles; 

- it has no tangles; 

- the group of its complement is generated by (six) arcs coming into D\ from the 
outside. 

Together with the assumption that the orbifold is hyperbolic this gives all we need 
to classify singular sets of the common generalized triangle groups. In the following 
theorem we summarize the results: 

Theorem 2.4. The structure of the singular set of a common generalized triangle 
orbifold is determined by the signature S(li, mi, rii, l 2 , m 2 , n 2 , ■ ■ ■ , h, ™>k-, ^fe) (Fig- 
ure 3) together with D\ corresponding to one of the cases A - H (Figure 5). 










Figure 5. Singular structures inside D\ (here t« G NU {00}). 



Orbifolds obtained from A, B, C (with l/ti+lfe+l/ta < 1), D (withl/t 1 + l/t 2 < 
1/2 and l/t 2 + l/t 3 < 1/2) are compact; while orbifolds obtained from C (with 
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1/ti + l/t 2 + l/t 3 = 1), D (with 1/tx + l/h = 1/2 or l/t 2 + l/t 3 = 1/2), E, F, G 
and H are non compact. 

Remark 1. We have dropped one more combinatorially possible case that can be 
obtained from G deleting the arc, which joins the vertices, because corresponding 
groups are always generated by only two half-turns. 

Remark 2. Some relatively simple singular structures from Theorem 2.4 correspond 
to non- hyperbolic orbifolds (see Examples 6C, 6D). All such geometric orbifolds can 
be found in f8[ and we do not specially focus on non-hyperbolic case. 

Remark 3. A generalized triangle orbifold is uniquely determined by the signature 
and Di as it was shown above, however different signatures can correspond to the 
same orbifolds. 

3. Matrix representation and parameters 

In order to obtain a matrix representation for a group generated by three half- 
turns one has to fix the axes of the generators. We do this by means of complex 
distances between the hyperbolic lines (M, p. 67-70). We define the complex distance 
between two oriented hyperbolic lines as follows: its real part equals the length of 
the common perpendicular to the lines and imaginary part is given by the angle 
between the lines, taken from the first to the second line respecting orientations. 

We call three complex distances between the axes of the generators by the pa- 
rameters of the group T = (a, b, c). Let us remark that starting from this place by 
group (a, b, c) we mean the group with the given generators taken in a fixed order, 
so, in fact, we work with a marked groups generated by a, b, c. 

par((a,b,c)) = (fJ,(a,b), /i(a,c), /x(c,6)) = (jiq, m, fJ, 2 )- 

(Here /i(. ..,...) = x + iy, x G M + , y G [0; 2n) — the complex distance between the 
oriented axes of the half-turns.) 

Remark. Since the directions of the half-turns are undefined the parameters are 
defined up to orientation of the axes. We can canonically link the orientation of a hy- 
perbolic line with the matrix of the half-turn in SL(2, C) (see ||, p. 63). This means 
that fixing the directions of the axes of generators equals choosing the inverse im- 
age after canonical projection p : SL(2, C) — > PSL(2, C) of our PSL(2, C)-subgroup 
in SL(2,C). Following common agreement we usually call this inverse image by 
representation of our group in SL(2, C). 

Lemma 3.1. Complex vector par ((a, b, c)) determines group (a,b,c) uniquely up to 
conjugation in PSL(2,C) ; i.e. if par((a,b,c)) = par((a',b',c')) then there exists 
h G PSL(2, C) such that a' = hah" 1 , b' = hbh~ l , cf = hch' 1 . 

Proof. Consider the axes of the half-turns a,b,c in 7i 3 . We endow the axes by 
orientations and join them in couples by common perpendiculars. The result is a 
hyperbolic right-angled hexagon (Figure 6). 
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Figure 6. Axes of the half-turns a, b, c together with their common 
perpendiculars give a hyperbolic right-angled hexagon. 

Vector par ((a, b, c)) represents three complex lengths of the sides of our hexagon 
which are common perpendiculars of the given axes. By theorem from || (p. 94) 
three pairwise non-adjacent sides define right-angled hexagon uniquely up to simul- 
taneous change of orientations of the other three sides. It means that any other 
hexagon defined by another group with the same parameters can be translated to 
the given one by a hyperbolic isometry. This isometry obviously defines the required 
conjugation h G PSL(2,C). 

It may seem that we have missed the possibility of changing of the orientations of 
the axes but we have already remarked that the orientations effect only representa- 
tion of the group in SL(2, C) but not isometries themselves. So in this situation we 
can change the orientations as it is needed. □ 

Next thing to do is to find out some convenient representation for (a, b, c) in 
SL(2,C) and describe it in terms of par((a,b,c)). We denote the matrices corre- 
sponding to the half-turns in a, b, c by capitals A, B, C . 

Half-turn in oriented hyperbolic line m is represented by a matrix M G SL(2, C) 

of the form ( ), which is characterized by M 2 = —I or equivalently 

777,21 —mn 

tr(M) = 0. This matrix M is called the normalized line-matrix of line m. By 
extending transformation M to the absolute C = OH 3 it is easy to find the set of 
its fixed points in C denoted by fix(M). Geometrically the fixed points {zi, zi\ = 
fix(M) are the ends of the arc orthogonal to C which presents line m in the upper- 
space model of H 3 . 

After a suitable conjugation of the group (A,B,C) in SL(2,C) one can suppose 
that fix(A) = {1/(3; -1/(3}, fix(B) = {(3; -(3} ((3 G C and \(3\ > 1). 
We have: 

A=(.° f ), B=( ° '(>), C=( C " C " 
\t(3 J ' \ i/(3 J \ c 2 i -c n 

where — cf x + Ci 2 c 2 i = 1 since C G SL(2, C). 
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To find /3 and Cjj in terms of par {{a, b, c)) we use the following important formula, 
which allows to find the complex distance between hyperbolic lines mi, m 2 from the 
matrices Mi, M 2 of the lines (0, p. 68): 

cosh(fi(mi,m 2 )) = (MiM 2 ). 
Denote pu = —2coshfik (k = 0, 1, 2). Then 

po = tr(AB) =tr( _° p2 



pi = tr(AC) = tr 
p 2 = tr(BC) = tr 



ic 2 i//3 -icu/p 
icn/3 ici 2 f3 

ic 2 if3 — zcn/3 
zcu//3 ici 2 /(3 
We obtain system of equations on (3 and c^-: 

-i/P 2 -P 2 = Po; 
ic 2 i/(3 + ici 2 (3 = pi, 
ic 2 i(3 + i ci 2 /j3 = p 2 ; 
Cu = Wci 2 c 2 i + 1. 

Solving this equations we find out all parameters in our representation. Let us 
remark that this system has not unique solution but it really does not matter, 
because different solutions give representations of the groups T = (a, b, c) which are 
conjugate in PSL(2, C). The last statement is a direct consequence of Lemma 3.1 
since by the construction the different solutions correspond to the same par(T). 
For definiteness we can always fix the analytic branches of the square roots in the 
following formulas. 

Now we can write down the representation of (a, b, c) in SL(2, C): 

a=\ °. ^ y B =( ° ^y c =( cn ci2 

ip I \ t/p I \ c 2 i -cn 



p 



-po + VpI- 4 ^ 



2 



(I) P1/P-P2P -pi[3 + p 2 /p . . — 

u C21 = W=W> 012 = W^W ' Cn = Wci2C21 + ; 

Pk = —2 cosh(pk) for k = 0,1, 2. 

To obtain the representation of (a,b,c) in PSL(2,C) one has to consider the 
image of the representation in SL(2, C) under canonical projection p : SL(2, C) — > 
PSL(2,C). 
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4. Deducing parameters from the singular structure 

Knowing the structure of the singular set of a generalized triangle orbifold one can 
obtain a presentation of its fundamental group and a representation of the group in 
SL(2, C). This representation is defined by complex parameters p , pi and p 2 , so it 
is possible to find the parameters, which correspond to a given singular structure. 
In this section and in Section 6 we show how it can be carried on for the common 
generalized triangle groups. 

Suppose we are given a singular set of a common generalized triangle orbifold 
(Figure 3). Using Wirtinger algorithm we can start from the given three arcs a, b, c 
and passing through the tangles obtain words on a, b, c corresponding to all the other 
arcs. It is obvious that until we come to the central part of the diagram (-Di), we 
do not obtain any equations on the generators, so all the words in the presentation 
of the group come from Di (Figures 3, 5). Equations defining parameters are then 
obtained by taking traces of corresponding words in SL(2, C). With the help of the 
well known formulas 

tr(WiW 2 ) =tr(W 2 Wi), 
(?] tr(W 1 W 2 Wr 1 ) = tr(W 2 ), 

1 ' tr(WiW 2 ) = tr(Wi)tr(W 2 ) - t^W^Wa), 

tr(H _1 ) = — tr(H) if H is a matrix of a half — turn 

the traces of the words on A, B, C can be expressed in terms of tr(AB) = po, 
tr(AC) = pi, tr(BC) = p 2 and tr(ABC) (an explicit expression for tr(ABC) in terms 
of pi can be obtained using (1)). Since we have three complex parameters we always 
need three independent equations to define them. In the remaining part of this 
section we will give the presentations of the groups and corresponding equations for 
each of the cases A — H from Theorem 2.4. 



co-i 



OJel 



co 4 



cos 



Group: 

(a, b, c I a 2 , b 2 , c 2 , WiW 2 , W3W4), 

equations: 

tr(WiW 2 ) = 2, 
tr(W 3 W 4 ) = 2, 
tr(W 5 W 6 ) = 2 

(We denote by Wi words on a, b, c and by Wi — corre- 



sponding matrix words in SL(2, 



1,...,6. 



It follows from [|l(J that one of the words u>iw 2 , W3W4, w^Wq in the fundamental 
group is always a corollary of two other. However by the rigidity argument in 
the matrix group all the three words are independent and give three independent 
equations on the parameters. See Example 6A for the illustration. 
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Group: 

(a, b, c | a 2 , b 2 , c 2 , w x w 2 , (w 3 w 4 )\ (w 5 w 6 Y), 
equations: 

tr(W x W 2 ) = 2, 
tr(W 3 W 4 ) = -2cos(7r/t), 
tr(W 5 W 6 ) = -2cos(7r/t). 




Group: 

(a, b, c | a 2 , b 2 , c 2 , (wi^)' 1 , (>3W 4 )' 2 , (ws^e)* 3 ), 
equations: 

tr(WiW 2 ) = -2cos(7r/ti), 
tr(W 3 W 4 ) = -2cos(7r/t 2 ), 
tr(W 5 W 6 ) = -2cos(7r/t 3 ). 




Group: 

(a, 6, c 



a 2 , b 2 , c 2 , (wiw 2 ) 41 , (w5W 6 )* 2 , (wiU7 2 w 3 ) i3 ), 



equations: 

tr(WiW 2 ) = -2cos(7r/t 1 ), 
tr(W 5 W 6 ) = -2cos(7r/t 3 ), 
tr(WiW 2 W 3 ) = -2cos(7r/t 2 ) 



It can be seen that word W1W2W3 has an odd length, which follows that in this 
case we need the expression for tr(ABC). Actually, this is the only case where we 
may need the expression. 




Group: 

(a, b, c I a 2 , 

equations: 
tr(WiW 2 ) 
tr(W 5 W 6 ) 
tr(W 3 W 4 ) 



OiW 2 ) 2 , (w 5 w 6 ) 2 ), 



0. 
0. 



The third equation follows from the fact that the multiple of two half-turns with 
the parallel axes is a parabolic isometry, so w 3 w 4 is a parabolic corresponding to the 
cusp. We choose sign '— ' for the trace of the parabolic element because the axes of 
the half-turns have the same directions. 
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Group: 

(a, b, c | a 2 , b 2 , c 2 , W1W2), 

equations: 

tr(WiW 2 ) = 2, 
tr(W 3 W 4 ) = -2, 
tr(W 5 W 6 ) = -2. 



Group: 

(a, b, c I a 2 , b 2 , c 2 , (w 3 w 4 w 5 ) 2 ) , 
equations: 

tr(W 3 W 4 W 5 ) = 0, 
tr(W x W 2 ) = -2, 
tr(W 3 W 4 ) = -2. 



Here, as in case D, we again have a word W3W4W5 of an odd length, but since 
tr(W 3 W 4 Ws) = we can easily avoid using the explicit expression for tr(ABC) in 
this case. Really, using formulae (2) we can present tr(W 3 W 4 W 5 ) as tr(ABC)P[tr(AB), 
tr(AC), tr(BC)] where P[...] is a polynomial, and since tr(ABC) 7^ Owe obtain equa- 
tion P[tr(AB), tr(AC), tr(BC)] = 0. This procedure can be used for case H as well. 





Group: 

(a, b, c I a 2 , b 2 , c 2 , (w 1 w 2 )\ {w 1 w 2 w?,) 2 ), 

equations: 

tr(W 4 W 2 ) = -2cos(vr/t), 
tr(W 5 W 6 ) = -2, 
tr(WiW 2 W 3 ) = 0. 



5. Connection with the two- generator Kleinian groups 

Let r = (/, g) be a discrete subgroup of PSL(2, C). There is a natural way to 
associate to To a generalized triangle group V which is equal to T or contains it as a 
subgroup of index 2. It follows that such properties as discreteness, arithmeticity and 
others of two-generator subgroups of PSL(2, C) can be studied using the generalized 
triangle groups. 

The group V is constructed as follows (see |l I] ) : If neither / nor g are parabolic 
then let A be a common perpendicular to the axes of / and g. In case of parabolic 
generator corresponding end of the line N is the fixed point of the parabolic. Obvi- 
ously, this construction uniquely defines line N for any Kleinian group To = (f,g)- 
Let c be the half-turn about N. Then there exist such half-turns a and b that 
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f = ac and g — cb (0, p. 47). So we obtain group Y = (a,b,c) which contains r 
as a subgroup of index at most 2. 

Visa versa starting from the group T generated by three half-turns a, b, and c one 
can easily obtain its two generator subgroup T = (ab, ac). Since T = r Uar (a 2 = 
id), index of T in T is equal to 2 or 1 depending on if a is contained in T or not. 

The set of two-generator Kleinian groups is usually parameterized by three com- 



plex numbers [12 



(3(f) = tr 2 (f) - 4, /3(g) = tr 2 (g) - 4, 7 (f , g) = tr([f , g]) - 2. 

A common computation with traces shows that this parameters are connected with 
our parameterization for the corresponding generalized triangle group by the follow- 
ing formulas: 

13(f) = pj - 4, (3(g) = pj - 4, 7 (/, g) = p 2 + p\ + p\ + p PiP 2 - 4. 

Since we have described all the singular sets of the generalized triangle orbifolds 
we can at least theoretically present an algorithm, which using equations from the 
previous section enumerates all the parameters corresponding to the generalized tri- 
angle groups and discrete two-generator subgroups of PSL(2, C). The main practical 
difficulty is that the complexity of the equations grows as the singular structures 
become more complicated. The other point is that we have to cast away the re- 
dundant solutions of the equations somehow. In the next section we will show how 
this can be done for the examples considered, however we do not know any general 
method to carry on this procedure. 

Let us also note that the suggested algorithm shows only that our set of param- 
eters is semi- recursive: we can enumerate all the parameters of discrete generalized 
triangle groups, but there is no way to decide in a finite number of steps does a 
given triple of complex numbers define a discrete subgroup of PSL(2, C) or not. 



6. Examples of the common generalized triangle orbifolds. 

Let us consider examples for different types of singularities from Theorem 2.4 
and find parameters defining corresponding generalized triangle groups. Here we 
will try to give examples, which deserve a particular interest and have previously 
appeared in different situations. Detailed descriptions of some other generalized 
triangle orbifolds can be found in [Q] and [||]. 
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A. c 

a_i = cac~ l 
6_i = aba^ 1 
c_i = 6c6 _1 
ai = 6lja6_i 
61 = cZ\bc-\ 
b 2 = bzlhb-i 

aZ[b2 = ca~ l c~ l ab~ l a~ l bc~ l bcb~ 1 aba^ 1 
Matrix group: 

(A, B, C I -A 2 , -B 2 , -C 2 , 
CA- X C- X AB- X A- X BC- X BCB- X ABA- 1 , 

BC- X B- X CA- X C- X AB- X ABA- X CAB- 1 ) 
Let tr(AB) = t , tr(AC) = t 1; tr(BC) = t 2 . 

By taking traces of the words we obtain a system of equations on t , t\ and t 2 Q 

3^o ~ ^o ~ 2t$t\ + t\t\ + 2toii^2 — t 2 ) t\t 2 — 2t t 2 + ^2 — ^0^2 — ^1^2 = 2, 
3t 2 — t 2 — 2,t 2 tQ -\- t 2 tQ -\- 2,t 2 toti — t^o^i — 2t 2 t 2 -\- t 2 t 2 — ^2^0^? — ^i^o^i = 2, 
3ti — t 3 — 2,t\t 2 -\- tft^ -\- 2t^2^o — tft 2 t() — 2ti^Q + t\t^ — ^i^2^o — ^i^2^o = 2- 

We are interested only in complex solutions of this system and by the symmetry 
of the singular graph all the three roots should be equal. The only such solutions 
are (approximately): 

(to, ti,t 2 ) = (0.662359 ± 0.56228i, 0.662359 ± 0.56228i, 0.662359 ± 0.56228i). 

So we have po = Pi = P2 = 0.662359 ■■ ■ ± 0.56228 ... i. The signs before the 
imaginary part correspond to the orientations of the generating arcs and do not 
affect the presentation of the group in PSL(2, C). 

The primitive polynomial of the root is t 3 — t + 1, using the arithmeticity test 
for generalized triangle groups from H it can be easily verified that the orbifold 
is arithmetic. It is also interesting to note (see f26|) that the two-fold covering of 
this orbifold is Weeks-Mateveev-Fomenko manifold — the hyperbolic manifold of 
the smallest known volume. 

(Of course, here we could use the symmetry of the singular graph from the be- 
ginning and initially suppose tr(AB) = tr(AC) = tr(BC). It would considerably 
simplify the calculations but leads to some loss of generality.) 




1 We use an original computer program <tracer>(C++, 242 lines) to calculate trace polynomials 
for generalized triangle groups. The program is available on request. 
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B. a 




Equations on t = tr(AB), t x = tr(AC), t 2 = tr(BC): 



^0^1 ^o^i^2 — to ~ t\ + 2 — 2, 
^2 + *o*i - h = -2cos(n/n), 
t\t% + t ti — t 2 — —2cos(n/n). 



We will consider only n = 3. Up to the symmetry and change of orientation 
the system has only one complex solution, which defines the complex place of the 
orbifold group: 

i + \/3 i — \/3 

P0 = = , Pi = = , P2 = 0. 



The squares of p , p\ are algebraic integers and by arithmeticity test the group 
is arithmetic defined over field Q[y— 3]. 

(For n = 2 and n = oo the group has no any complex places, so the orbifold is 
not hyperbolic. For large values of n the group has more then one complex places 
induced by cos(ir/n) — > cos(kir/n), (k,n) = 1 and so it is not arithmetic.) 




Equations on t = tr(AB), t x = tr(AC), t 2 = tr(BC): 
t t 2 +h = Q, 

t%t 2 + t t l — t 2 — -2cos(TT/n), 
(t 3 - 3t )(t M 2 +tl +t 2 Q - 2) + t tj + tit 2 -t = 0. 

Complex solution (n > 3): 

PO = |(1 + W(7T/n)(l ± y/l- 1+4ai ^ /n) ), 

p! = -2cos(n/n)p , 
p 2 = 2cos{n/n). 

(Here p 2 is always a real number; for n = 2, 3 po and pi are also real, so corresponding 
orbifolds are not hyperbolic 3-orbifolds of finite volume. According to || for n = 2 
the orbifold admits the spherical structure and for n = 3 it is Euclidean.) 

As it was shown in the considered orbifolds can be obtained as the factor- 
orbifolds of Fibonacci manifolds F(2n, n) by their full groups of isometries. So 
using the arithmeticity test from we can now easily find all arithmetic Fibonacci 
manifolds (see also 01). The field of definition of the orbifold group Q\p$, cos 2 (n/n)] 
has exactly one complex place only if n = 4, 5, 6, 8 12, oo; it is a matter of direct 
verification that this cases satisfy the remaining conditions of the arithmeticity test. 
Thus the orbifolds and corresponding Fibonacci manifolds are arithmetic for n = 4, 
5, 6, 8 12, oo. 



16 



MICHAEL BELOLIPETSKY 




v ab~ 1 cba~ 1 
ab~ l c^ba' 1 cbcb^ 1 c~ l 
c^ab^cba -1 



Equations on t = tr(AB), t x = tr(AC), t 2 = tr(BC): 



to = 0, 

4t| - t\t\ - 4 + t\ - 2 = 0, 
Acqs 2 (ir / n) . 



Equation tr(AB) = geometrically means that the axes of half-turns a and b inter- 
sect and orthogonal in 7i 3 . 

The system has exactly one pair of complex-conjugate roots for any n > 2 (for 
n = 2 the orbifold is Euclidean), this roots give the values of parameters po(= 0), 
pi, p2 defining the orbifold group. Since the analytic formulas for the solutions are 
rather complicated we do not give them here. One can see that the field of definition 
Q[pi, pi] of the group has exactly one complex place iff n — 3, 4, 6, and it is easy 
to check the other conditions of the arithmeticity test || for this values of n. So we 
obtain, that the orbifolds are arithmetic for n — 3, 4, 6. 



This groups and orbifolds first appeared in |T8[ as an infinite one-parameter family 
extending one of the three regular tessellations of 7i 3 . It is interesting to note that 
the corresponding family for the one of the two remaining regular tessellations is also 
known |17) and consists of Fibonacci manifolds considered in the previous example; 
and, finally, for the third tessellation the question of constructing such a family is 
still open. 
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This orbifold first appeared in Jl| as the third hyperbolic 3-orbifold with a non- 
rigid cusp. We see that the orbifold is arithmetic with the field of definition Q[i] 
and so its group is commensurable in PSL(2, C) with Picard group PSL(2, Z[i]). 
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Equations on * = tr(AB), *i = tr(AC), t 2 = tr(BC): 

tltftl + * *?* 2 (2 - 2t\ + tg(-2 + 3*|)) + * * 2 (5 - U 2 2 + 4 + t*(-l + t 2 2 f+ 
+tg(-4 + 5*1 - 2ti)) +1,(1- 3t 2 + 4 + *g(-3 + 7*1 - 4*|) + - 4*1 + 3*|)) = 

*2 + (*1 + t t 2 )(t ~ *i* 2 - * *1) = -2, 

to + (*i + t 2 t )(t 2 - *!* - t 2 Q = -2. 
Complex solution: 

-1±V=3 
Pi = 2, p = P2 = 2 • 

This example appeared as an orbifold that has the sister-figure-eight knot as a 
two-shit cover. As we see, the orbifold is arithmetic (by test 0) with the field of 
definition Qlv 7 ^]- 
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With our usual notation t Q = tr(AB), t\ = tr(AC), t 2 = tr(BC) we obtain 
tr(AiBiCi) = tr(ABC)(t tit 2 + 1) = 0. Since tr(ABC) ^ it gives £0*1*2 + 1 = 0, 
and so we have the following system of equations on the parameters: 




-2. 
-2. 



Complex solution: 



1 ± 



Po = Pi = P2 



Since p — Pi — P2 the orbifold has an order 3 symmetry, which cyclically changes 
the generators of the group. This symmetry can be easily seen on the spacial rep- 
resentation of the singular graph but is lost on the plane projection. According to 
H the considered orbifold is one of the three arithmetic non-compact generalized 
triangle orbifolds with equal parameters (the remaining two orbifolds correspond to 
Case C). 

H. We have tried more then 20 different structures for this case but did not 
succeed in finding any arithmetic examples. The central part structure implies rather 
strong restrictions on the orbifold: it should be non compact and it is essentially 
asymmetric. Let us leave as a challenge to find an arithmetic example for case H 
or prove that it does not exist. 

7. An example of the exceptional generalized triangle orbifold. 

Here we will consider an example of a generalized triangle orbifold, whose singular 
set does not correspond to any of the eight types of singularities from Theorem 2.4. 
This orbifold appears to be a counterexample to the Lemma 2.3 if we do not suppose 
that the orbifolds considered there are common. 

The example is well known, it is the Picard orbifold. It was first shown in || that 
the Picard group can be generated by only two elements or by three involutions. 
Let us reproduce what happens. 



mC 




b-i 



cbc 1 
= aba" 1 



We won't find the matrix representation in SL(2, C) for the Picard group since 
it is well known and can be easily obtained from the above. Our goal is only to 
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show that this group can be generated by three involutions, so we will make all the 
calculations in the group, which is a bit easier then working with the matrices. 
We have 

T =< a, b,c,x | a 2 , b 2 , c 2 , x 2 , (xac) 2 , (xabc) 3 , (bax) 3 , (abax) 2 > . 

(xac) 2 = 1 implies acx = xca; 
(abax) 2 = limplies xaba = abax. 

Now consider the word xabc: 
1 = (xabc) 3 = xabcxabcxabc = xabcxab aa cxabc = xabc abax xca abc = xabcabacbc; 

x = abcabacbc. 

So T =< a, b, c | a 2 , b 2 , c 2 , (abcabacbc) 2 , (abcabacbcac) 2 , (abacb) 3 , (acabacbc) 2 > . 

Note, that in the notations of Lemma 2.3 here we have H\(X) = Z 4 (so the rank 
of tti(X) is greater then 3 and the Picard group can not be a common generalized 
triangle group by the definition) but, the same time, Hi(X) = Z 2 © Z 2 has rank 2. 

The considered example is non compact. One can obtain an infinite series of the 
compact exceptional generalized triangle orbifolds by (n; 0) Dehn surgeries on the 
cusp of the Picard orbifold. 
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